Introduction
With this paper we wish to extend our previous calculations of spin-changing radiative transitions in neutral helium to P -D transitions and include the effects of the finite nuclear mass and the anomalous magnetic moment of the electron. In Paper I [1] we published oscillator strengths (f -values) and transition rates (A-values) for the lowest S-P and P-D transitions and in Paper II [2] the five lowest S-P transitions. These calculations summed the spin-dependent Breit interaction as a first-order perturbation over all intermediate states, but assumed infinite nuclear mass. In Paper III [3] we applied the same perturbation analysis to 24 S-P transitions and included the electron anomaly and the true nuclear mass, which partially cancel each other so it is important to include both. The present paper extends those results to 12 P-D transitions with corrections to the wave functions and operators for the nuclear mass and electron anomaly and the operators for the electron anomaly. In a recent related paper [4] we applied the same theoretical approach to the helium-like ions of C V, N VI and O VII. In another earlier paper [5] we tabulated an extensive set of He I f -values for both spin-permitted and spin-forbidden transitions n 2S+1 L J − n ′ 2S ′ +1 L ′ J with n, n ′ ≤ 10; S, S ′ = 0, 1; L, L ′ ≤ 6, all for infinite nuclear mass. The relevant physics is different for high L because the electrostatic singlet-triplet splitting becomes small relative to the spin-dependent Breit interaction, and so only L + S = J remains a F o r R e v i e w O n l y good quantum number. As L increases, there is a progressive change from pure LScoupling to pure jj-coupling for high L [6] . In the intermediate case, the dominant mixing is between the pair of LS-coupled states with the same n, L, and J, but different S, for example the singlet-triplet pair 1s3d
1 D 2 and 1s3d 3 D 2 . Consequently Ref. [5] included only this mixing by diagonalizing the corresponding 2×2 matrix in place of a first-order perturbation sum over all intermediate states, which fails where the mixing is strong. This use of exact diagonalization is necessary for transitions such as 3 1 D 2 − 4 1 F 3 and is almost adequate for n 1 S 0 − n 3 P 1 and n 3 S 1 − n 1 P 1 , where the principal quantum numbers are the same, but inadequate for transitions such as 1
For the P-D transitions in this paper we use a combination of exact diagonalization and summation over intermediate states to treat the case of intermediate coupling between LS and jj.
In Sections 2 and 3 below we repeat the theoretical discussion in Paper III [3] for the true nuclear mass and the electron anomaly and show how the summation over intermediate states is modified to use the exact diagonalization of the 1 D 2 and 3 D 2 states. We use reduced atomic units in which we relate lengths r and energies ǫ to laboratory values by R = a 0 (m e /µ)r and E = α 2 m e c 2 (µ/m e )ǫ. Here a 0 , α, m e and c are the familiar atomic constants [7] , µ = m e M /(m e + M ) is the reduced mass of the electron, and M is the mass of the nucleus. The usual atomic units (a.u.) result if M = ∞.
Theory for sums over intermediate states

Solution of the mass-polarized nonrelativistic Schrödinger equation [8]
provides the unperturbed energies ǫ 0 M and wave functions ψ 0 M [9] for nuclear mass M . This equation is in reduced-mass a.u., so we must multiply these energies by µ/m e to obtain a.u. and multiply all operators used with these ψ 0 M by one power of µ/m e for each power of 1/r in the operator. These wave functions contain no spin corrections.
When the electron spin changes, the relevant spin-orbit (SO) and spin-other-orbit (SOO) perturbers are the respective Breit operators
In [10] Stone formulated the finite-mass corrections and included the effects of the anomalous magnetic moment of the electron a e ≃ α/(2π). Following Drake and Yan [11] , who approximated Stone's m e /M with y = µ/M , the SO and SOO operators become 
where the a e term in (5) contributes only for triplet -triplet transitions. Note that the equations corresponding to (4) and (5) in Ref. [11] are in reduced mass atomic units, so the prefactors there are (µ/M ) 2 ≃ 1 − 2y instead of (µ/M ) 3 ≃ 1 − 3y. The mass-corrected dipole length and velocity interaction operators are
where
and the number of electrons N = 2. As outlined in the appendix of [5] , these last factors correct the dipole operators for the motion of the nucleus relative to the centerof-mass. When N = Z, there are additional small corrections proportional to N − Z in the length and velocity operators due to the motion of the centre of mass relative to the inertial frame defined by the electromagnetic field. In the absence of external fields, the centre of mass R c is an ignorable coordinate, so these extra terms do not contribute for spontaneous emission. The commutator relation
relates the dipole operators H IL and H IV in (7) and (10), the unperturbed Hamiltonian H 0 in (1) for infinite nuclear mass and the Breit operators B 3Z and B 3e from (2) and (3) to the corresponding interaction operators
Following Drake [12] these terms provide a correction to the velocity element through use of the expanded energies ǫ = ǫ 0 + ǫ 1 and wave functions ψ = ψ 0 + ψ 1 and retaining only first-order terms so that
Thus the length matrix element multiplied by the nonrelativistic energy difference equals the velocity element plus the correction (4) and (5) with the corresponding extensions of (11) and (12) B I,3ZMae = (µ/m e ) 3 (1 + 2a e + 2y + 2a e y)B I,3Z
∆ I,3ZMae = (µ/m e ) 3 2(y + a e y)B I,3Z (15) B I,3eMae = (µ/m e ) 3 B I,3e .
Then the correction to the sum of matrix elements with the velocity interaction operator is
where we have written the equation explicitly for the 2
In this finite-mass extension of (14), including the electron anomaly, B 3Z requires a factor (µ/m e ) 3 (1 + 2a e + 2y + 2a e y), ∆ 3 requires (µ/m e ) 3 (1 + a e )y and B 3e only (µ/m e ) 3 as shown in (14) and (15), while the interaction operators require the mass factors in (15) and (16). If we label the intermediate states with the quantum numbers m and n, use nonrelativistic wave functions and reduced energies from (13) , and multiply all energies by (µ/m e ) to give a.u., the equivalence of the length and velocity formulations in (13) 
Again for clarity this is the specific example for 2
2 with the J-values included to emphasize the need for both angular-momentum and parity equality to obtain non-zero Breit terms, but opposite parity and ∆J = 0, ±1 for the dipole . As described in [13] and [1] 
from which we obtain the matrix equation
for the Hamiltonian operator H = H 0 +B. The total perturbation, exact to all orders, is then the sine of the mixing angle θ required to diagonalize this matrix, where tan 2θ 2 = B 12
The right-hand side is just the first-order factor in Eq. (18), but in an exact diagonalization both E 11 and E 22 include also the diagonal matrix elements B 11 and B 22 of the Breit interaction. Drake [8] has calculated sin θ = −0.015 609 52 for 3D and −0.011 395 97 for 4D including QED effects as well the nuclear mass and the electron anomaly.
Once we have a corrected length matrix element ∆ǫ M M LMae in Eq. (18) we can calculate oscillator strengths f and transition rates A
where ∆ǫ is the nonrelativistic energy difference in a.u. and g l and g u are the lower and upper statistical weights respectively. Note that Drake and Morton [5] revised the definition of f in [8] to avoid the use of the Z r and Z p factors in the relation (22) between f and A, but Z p still must be applied in calculating H IV and Z r for H IL if Z = 2. The relativistic calculations described here used α = 7.297 352 537 6×10 −3 for the fine-structure constant, a e = 1.159 652 181×10 −3 for the anomalous magnetic moment of the electron and y = (µ/M ) = 1.370 745 62×10 −4 for the ratio of the reduced mass of the electron to the alpha particle. All these are within one part in 10 8 or less of the latest recommended values of the fundamental constants [7] . Tables 1 to 4 give the results of our calculations for 12 intersystem P -D transitions. The detailed listings give the three components for both length ∆ǫM L and velocity M V matrix elements where the number of figures indicates the level of convergence with increasing size of the basis sets. The correction C αae always is better determined. The length-velocity ratio (M V + C αae − ∆ǫM L )/∆ǫM L provides a guide to the true accuracy of the calculations. Except for a possibly fortuitous 7 × 10 −7 , the ratios range between 2x10 −5 and 4 × 10 −4 . The f -and A-values in the tablres are based on ∆ǫM L . Comparison with f 2×2 indicate that the P -D results from the simple 2 × 2 diagonalizations are reliable to 2 or 3 significant figures.
Results and Discussion
As described in Paper III [3] , Pachucki [14] identified an additional interaction proportional to a e due to the magnetic component of the radiation field. The extra contribution to the length matrix element ∆ǫM L is
where the factor (µ/m e ) 2 allows for the reduced atomic units appropriate for the finite nuclear mass. This was a small correction for some of the S -P transitions in Paper III, but negligible for all the P -D cases listed here because both B I,3Z and B I,3e are smaller. As a fraction of ∆ǫM L , the two largest P M ae are 1.84 × 10 −7 and 1.46 × 10 Table 1 . Matrix Elements M, oscillator strengths f and rates A for 1 P o 1 − 3 D 2,1 transitions. M L is the length form, M V is the velocity form, and Cαa e is the correction to M V . In each case the 3 D levels are above the 1 P o 1 level. 
E1 Transition
2 1 P o 1 − 3 3 D 2,1 2 1 P o 1 − 4 3 D 2,1 3 1 P o 1 − 4 3 D 2,M V + Cαa e − ∆ǫM L -1.461×10 −6 -9.6×10 −7 -3.00×10 −7 (M V + Cαa e − ∆ǫM L )/∆ǫM L -2.1×10 −4 -3.9×10 −4 -1.03×10 −4 f ( 1 P o 1 − 3 D 2 ) 1.677 72×10 −4 1.494 26×10 −5 8.104 27×10 −5 f ( 1 P o 1 − 3 D 1 ) 1.355 57×10 −8 2.309 43×10 −6 1.069 01×10 −8 A(s −1 ) ( 3 D 2 − 1 P o 1 ) 1.503 97×10 4 2.466 61×10 3 8.888 63×10 2 A(s −1 ) ( 3 D 1 − 1 P o 1 ) 2.025 29×10 0 6.353 75×10 −1 1.954 12×10 −1 f 2x2 ( 1 P o 1 − 3 D 2 ) 1.684 5×10 −4 1.499 3×10 −5 8.153 9×10 −3M V + Cαa e − ∆ǫM L -1.516×10 −8 6.11×10 −8 6.80 ×10 −9 (M V + Cαa e − ∆ǫM L )/∆ǫM L -1.4 ×10 −4 9.8×10 −5 -9.6 ×10 −5 f ( 3 D 2 − 1 P o 1 ) 3.109 93×10 −6 2.159 41×10 −6 3.139 85×10 −6 f ( 3 D 1 − 1 P o 1 )M V + Cαa e − ∆ǫM L -4.684×10 −7 -3.069×10 −7 -2.153×10 −8 (M V + Cαa e − ∆ǫM L )/∆ǫM L -4.8×10 −5 -8.5×10 −5 -2.9×10 −5 f ( 3 P o 1 − 1 D 2 ) 1.067 86×10 −4 1.129 51×10 −5 1.986 36×10 −5 f ( 3 P o 2 − 1 D 2 ) 2.228 07×10 −5 2.393 97×10 −6 4.128 80×10 −6 A(s −1 ) ( 1 D 2 − 3 P o 1 ) 1.237 79×10 4 2.260 07×10 3 2.322 05×10 0 A(s −1 ) ( 1 D 2 − 3 P o 2 ) 4.304 36×10 3 7.983 63×10 2 8.044 26×10 −1 f 2x2 ( 3 P o 1 − 1 D 2 ) 1.063 2×10 −4 1.127 6×10 −5 1.985 9×10 −5 f 2x2 ( 3 P o 2 − 1 D 2 ) 2
